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1. OVERVIEW OF THE SOCRATES CODE

The direct simulation Monte Carlo method, as pioneered by G. A. Bird,' provides a
powerful technique for the simulation of real gas flows. It bridges the gap between continuum and
free molecular flow, retaining validity in either extreme. It can be used to describe complex
mixtures, including effects of chemical reactions, heat conduction, viscosity and diffusion for flows
in three dimensions. This report describes the application of this technique to the contamination
problem, considering flow fields created by the interaction of a spacecraft with the atmosphere.
The resultant model has been named the SOCRATES code, which is an acronym for
§pacecraft/Orbiter Contamination Representation Accounting for Transiently Emitted Species.

Contamination of instruments on space platforms is an issue of major concern. The shuttle,
for instance, gives off matter through surface outgassing, via various thrusters, and from flash
evaporators. At altitudes where the atmospheric mean free path is comparable to or less than
vehicle dimensions, the deposition back onto instruments will be largely determined by the multiple
collision environment surrounding the spacecraft. Even at higher altitudes, this may be the
dominant source ot' contaminants for some portions of the vehicle. In addition to physical
contamination of shuttle surfaces, "radiation contamination" is also a potential problem as gases
surrounding the spacceraft collide at high speed with atmospheric molecules. These energetic
collisions can lead to vibrational, rotational, and electronic excitation and subsequent radiative
decay, Ions In the vehicle environment may remain there for some tine due to electric field forces,
and radiative recomb ination is another potential source of radiation contamination. The situation is
depicted schematically in Figure 1.

Spectral Sciences, Inc. (SSI) has developed this first module of a three-dimensional
description of the flow field around a spacecraft so that contamination can be accurately
characterized and understood. A comprehensive model of the contaminant field surrounding the
space shuttle orbiter, for instance, is crucial to the design of experiments which are to fly oii thde
shuttle and to the development of procedures for ioninizing the contamination. The code Is
designed in a highly modularized fashion so that additional physical and gaometric complexity can
be added as deemed necessary without requiring major rewriting of the model. The first module of
SOCRATES emphasizm the gastous interactions and their emissions. It is possible to put the
results of this code together with a surface model to get a realistic picture of how a vehicle looks in
the context of the gaseous emission it produces.

Work has also progressed on adding an inner solution capability to SOCRATES, so that the
detailed interaction of the flow field with the vehicle will be accurately described. This work is
described in this report, but will be implemented in the second module of SOCRATES.
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Figure 1. A Schematic Represenation of the Major Elements of the Shuttle
Contamination Problem.

The basic calculational technique is well describcd by its origi~ntor in Reference I.
However, there have ben significant extensions of the method sinte Iia lication of Reference
1. The present purpose is to describe how tle technique is impltnmeiid in SOCRATES; but
elemontary concepts and relations which are essential to a coherent explanation are included here
Also.

The direct Aimulatlon Monte Carlo method involves storing a discrete number of molecules
(via their velocities, positions, and other pertinent information) in a computer. The solution region
is broken tp into a number of separate cells, and the solution is stepped forward in time in a two
stage process. First, tie moleculas are advam:ed along their trajectories by an amount appropriate
to their velocity and a time increment, at,. it this first stage some molccules will leave the
solution region, and some will be introduced as determined by the boundary conditions for a
particular problem. The second stage is to simulate collisions in each cell appropriate to At.. so
that c llision frequenckv are properly simulated. A basic hypothesis of th method is that if the
time step is made small enough, the processes of translations and collisions can be uncoupled in this
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Periodically, the solution is sampled by accumulating statistical sums of number densities,
velocities and other basic properties. The solution is run repeatedly until statistical deviations are
reduced to a desired limit, and then physically meaningful output quantities are computed from the
statistical sums. The number of molecules represented is typically many thousand at a time, which
is vastly fewer than the number occurring in virtually all real flows. Hence, the construction of a
dynamically similar flow to be simulated in the computer is an essential feature of the method.

The logical flow of the solution procedure is shown in Figure 2, which includes the steps
described above. The following sections describe in detail the implementation ofi each of the boxes
shown in Figure 2 and the application of the code to some sample problcme.

-3.
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Figure 2. A Diagram of the Basic Solution Proccilure Utilized for Steady State
Solutions in the, S0C:RA*M Cumaminafion Model.
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2. GRID COORDINATES AND GRID STRUCTURE

As discussed in Section 1, the Monte Carlo procedure works by breaking the calculation
region up into cells. A solution cell should be a region in which no properties change greatly, i.e.,
the dimensions of a cell should ideally be small compared to the local scale length of the flow field.
Collisions are simulated on a cell-by-cell basis, and molecules can experience collisions only with
other molecules in the same cell. There is no other spatial criterion used for determining collision
partners, so the cell determines the collision environment for any molecule within it. In addition to
defining the collision environment, the other major function of the cell structure is to determine the
points at which output is generated. There is no requirement that the cells be divided up in the
same coordinate system used in the molecular state vector.

For Monte Carlo calculations, as for other types of computational fluid mechanic analyses,
the selection of grid geometry is a critical requirement which is often more of an art than a science.
Considerations in the selection of a grid are:

The grid should be as simple as possible, since the program must repeatedly
decide which cell molecules reside in as they move throughout the solution
region. If this determination required the solution of a complex equation or
sifting through tables, the entire program would run significantly slower than if

* the cell can be determined easily.

- 0 The grid should concentrate cells where gradients are the largest, so that the
least number of total cells (and molecules) are needed to obtain an accurate
solution.

0 The grid should provide flow field Information where It Is required, with the
resolution that Is desired for the answer of Interest.

The SOCRATES grid structure is a simple extension of the basic Cartesian coordinate
system that is used elsewhere in the code. The cells are determined by the intersection of three
'familles of planes, each family being perpendicular to one of the coordinate directions. For each

' - cooidioate, there is a plane at zero and subsequent planes proceed outward in the plus and minus
coordinate, direction. For instance, the intersection points, xj, on the positive x axis are given by

= rnx x(ill/N) *iI(1

where xnX is the position of the last plane (the edge of the solution region in that direction), N Is
the-number of planes intersecting the positive x axis, and B is an adjustable parameter. For B
approaching zero, successive planes have equal spatial increments; and as B is increased the planes
become more concentrated near the origin. The same relauon Is applied for planes Intersecting the
minus x direction, with X being replaced by xmin. The other tour directions (±y and ±z) are

=-5-



handled in an analogous fashion. Note that the B and N parameters are specified separately for
each of the six directions away from the origin, depending on the physics of the problem under
consideration. These values can be input by the user or automatically selected by the program.
The SOCRATES grid structure fulfills the objectives enumerated above to a substantial degree.
The relations for cell boundary locations are easily inverted to obtain the cell number
corresponding to a given position, and the parameter of" the distribution allows for concentration of
cells in the inner region while allowing larger cells further out where the gradients are less severe.

A sample cell structure resulting from this technique is illustrated in Figure 3. For visual
clarity, the number of planes has beeii limited to two in each of the six directions, since this is the
fewest number which illustrates the uneven spacing. A typical calculation would have several
times that many planes, but the figure is difficult enough to interpret as it is. A vehicle can be
arbitrarily located within this cell structure; though it should be located near the center of the grid
structure for it to make sense. Similarly, the wind direction as seen from the shuttle can come
from any direction whatsoever; there is nothing in the cell structure or coordinate definition which
restricts it.

Y1

" '" " - . -" I

' V . , ,
~~i.

Figure 3. A Schematic Showing the Bae ic Design of the SOCRATI]S Cell Structure
Which Uses Cartgian Coordinates with Uneven Spacing.
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3. GAS MODEL AND EQUILIBRIUM REFERENCE PROPERTIES

3.1 Preliminary Equilibrium Gas Relations

The far field equilibrium state has properties which are of relevance to the flow field
interact-on problem to be solved. In addition to serving to define the proper outer boundary
conditions, the far field serves to define length and vetocity scales for the problem which are then
used to non-dimensionalize the internal code variables. Even if this were not done, it would
provide an important comparison case for densities, velocities, collision frequencies, etc.

For a rest gas in equilibrium, the normalized distribution function for the relative speed, cr,
between molecules of species i and molecules of species j is given by2

fij(cr) = (4cai'IV,') exp(-aijc;) , (2)

where

= 2RT *  , 
(3)

and 40is the reduced mass of the pair; i.e.,

= mimj (4)

with mi and mj representing the masses of the two species. In these relations, T. Is the far field
temperature and R0 is the universal gas constant. (R0 is used instead of Boltzmann's constant since
the molecular masses will be consistently represented in atomic mass units rather than grams.) The
available translational collisioral energy between the two molecules, IE., Is given by

1 (5)

3.2 Aalytical Form of the Collision Cross Section

Whenever the direct simulation Monte Carlo method is applied, it is necessary to make
trade-offs between accuracy and simplicity In molecular models. It does no good to use a complex
molecular potential surface and then find that reasonable computer run times result in very large
statistical fluctuations in the output. Since the final output will reflect errors in the statistics as well

. .



as errors in the models, there is a strong impetus to use models which contain the essential physics,
but whih can be applied in a computationally efficient manner. The current state-of-the-art is the
Variable-Hard-Sphere (VHS) model. 3 In this model molecules have a collision cross section which
varies as an inverse power of the available collision energy. Hence, if aij is the collision cross
section for collisions of species i with species j, then ai is given by a relation of the form

ar = AUE"O , (6)

where Aj is a constant coefficient. It follows that the effective diameter for molecules of species i,
d., is implicitly defined as a function of available collision energy by the relation

(li = wdi = AiiEC . (7)

Au can be determined from a reference cross section and velocity via

Aii = [oii(mjc2/4)yrf , (8)

If a reference cross section is given for a reference temperature rather than a reference velocity,
then thb usual choicc for the reference veloci, is that velocity which has a collision energy equal
to the mean collision energy occurring in collisions at thr reference temperature. Mathematically,
this is equivalent to

Cu>> (9)

where the angle brackets indicate averages taken over t' distribution function given in
Equation (2) evaluated for mi=mj and TO -T. Eqution (9) car, be simplilied to give

.4(2- o mr4( .R T (10)
mi

For simulations involving a large number of species, tuference cross sections are frequently
not available for all possible.collision pairs. In thir case It is possible to specify Ali for
self-collisions only, and then use Equation (7) to get a molecular diameter as a function of collision
energy. Then, applying the relation

S(d i + dj)/212 , (11)

-8-



the coefficient in Equation (6) for interspecies collisions is given by

4A.- = [!(VA-ii+ VA-)]' (12)

For the internal workings of a Monte Carlo code, it is usually more convenient to express
the collision cross section as a function of the relative collision velocity rather than the collision
energy. This is simply achieved via the relation

ai = Bijc' , (13)

where

B = Aoij/2)'w (14)

The parameter w can be related to n/, the exponent of distance in an inverse power
intermolecular force law via the relation 3

= 2 (15)
i+-1

Hence, hard sphere molecules (for which n goes to infinity) are represented by w equal to zero.
There Is a substantial body of evidence, however, that the effective size of molecules does indeed
decrease with increasing collision energy, so a positive value of w is usually a better choice. w can
be determined from molecular beam data, or from its macroscopic implications. For example, if s
Is the exponent for the variation of the viscosity coefficient with temperature, then it can be shown3

that

s = + 0.5 (16)

so a measurement of the temperature dependence of the viscosity coefficient serves as an indirect
determination of w.

In order to incorporate the model for Internal energy transfer to be discu3sed in Section 8, It
is necessary that w be assumed the same for all interactions. This represents one of the major
restrictiors In the current state of modeling.

Although the sizes of molecules are allowed to vary in the VHS model In deciding whether
or not a collision is to occur, when a colflsion does occur the post collision velocity components
are computed as if it were a hard sphere collision (see Section 8). This results in a substantial
computational simplification and yet retains good agreement with the macroscopic predictions of

"9-



the more exact model. 3 (See Reference 1 for a discussion of molecular scattering for general
power law potentials.)

3.3 Equilibrium Reference Properties for a Multi-Component Gas

One advantage of the VHS model is that the molecules have a well defined cross section, so
it is possible to define a mean free path without putting limitations on the minimum deflection
angle that is considered. As is the general case for multi-component gases, however, each
component has Its own mean free path, and the overall mean free path for the mixture must be
defined as a weighted average of the mean free paths of the individual species. The somewhat
cumbersome relations required to calculate the overall mean free path are given here. It should be
noted that the mean free path is calculated only once for a given problem, so the computational
effort required to evaluate it is completely negligible.

An individual molecule of species i will suffer collisions with molecules of species j with a

frequency vo given by

"= n.<,17cr> , (17)

where nj. Is the number density of species j and < oqcr> Is the average product of cross section
times relative velocity for the two species, obtained by integrating over the distribution function
given In Equation (2). When this operation is performed, the result Is

j = 2Bunjor(2 - w)a*" t --' V , (18)

where I' denotes the gamma function.

The total collision frequency for an Individual molecule of species i, P1, is obtained by
summing Equation (17) over all species, i.e.,

t ,(19)
j-I

and the mean free path, o, r molecules of species I is given by

< = /_.RoT./(xmj) , (20)

-10-



where <ci> is the mean molecular speed for species i molecules. The mean free path for the gas
mixture, X., is then defined as the number density weighted average of the X, via

nicox i  
(21)

in.

where n, is the total number density:

no= ni. (22)
i=1

A useful velocity scale is given by v., defined by

vs = V'2-RoTo,<m> , (23)

where < m> is the reference mean molecular weight, i.e.,

<m> = n m . (24)

v1 is the most probable molecular speed for molecules of the mean molecular weight at the
reference temperature.

3.4 Internal Energy Model

The current state of modeling for internal energy effects in Monte Carlo flow field
simulations Is the phenomenologIcal model of Borgnakke and Larsen.4 In this model, transfer of
energy between Internal and translational modes is allowed, but It is necessary to assume that each
species has a fixed number of internal degrees of freedom, r. This is equivalent to assuming a
constant specific heat, Cpi, for each species which can be related to the number of internal degrees
of freedom via

2 "!  - 5 .(25)

A' ernatively, r, can be related to the ratio of specific heats for species i, -y, by the relation

- II-



5 - 3,
= 5 - 1 (26)

The interchange of internal and translational energy will be discussed in Section 8, and the
selection of initial conditions will be discussed in Section 5.

- 12 -



4. INTERNAL REPRESENTATION

4.1 State Vector

Each simulated molecule in the SOCRATES code is represented by a state vector which
comprises all of the information the code has with regard to that particular molecule. The state
vector has:

0 Position elements defining the location of the molecule in Cartesian coordinates.

* Three velocity elements, giving the corresponding velocity components in the
same coordinate system.

* A value for the internal energy (ustially rotational) of the molecule. Note that
the basic model does not discriminate between internal modes for a particular
species. This can be done, if desired, by introducing separate species for the
distinct modes.

* An indicator Identifying the molecular species. This indicator in turn implies all
of the properties associated with that species (molecular weight, number of
internal degrees of freedom, name, etc.).

0 An Indicator giving the computation cell In which the molecule currently resides.
(This could be calculated from its position, but it is needed so often In the
calculation that the extra storage location is justified by the increase In
efficiency.)

0 A time element, giving the time at which the molecule will strike a solution
surface element if it continues on Its current trajectory.

4.2 Reduction to a Reasonable Number of Simulated Molecules

It Is clearly impossible to run a computer simulation with anywhere near the same number
of molecules that exist in the actual flow problem. The adjustment that is made to make the
simulation possible is to artificially Increase the cross section, and decrease the number density, by
the same large factor. It is the product of number density and cross section which determines the
collision frequency for a given molecule, and it is the collision frequency which must be correctly
simulated If the correspondence between the real and simulated flows Is to be accurate. This is an
essential feature of the direct simulation method which has not always been adequately emphasized.
It means that the internal scaling factors do not proceed on a strictly dimensional basis. For
example, the scaling factor for cross sections Is nut the square of the scaling factor for lengths.
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4.3 Internal Scales

Many problems are more reasonably handled if the internal calculations are carried out with
scaled or dimensionless values. This avoids possible problems such as numerical overflow which
can cause an execution time error. Such errors can be particularly insidious and difficult to locate
in a code whose very essence involves the random combination of numbers.

The output is produced in physically meaningful dimensional form. Hence, the scaling that
is discussed here is irrelevant (or nearly so) to the interpretation of code output; it is strictly a
matter of the internal representation.

The choices for length and velocity scales are X,. and v, as defined in Section 5, which are
used to non-dimensionalize the position and velocity elements of the state vector. There is no need
to provide further non-dimensionalization of mass beyond representing them in atomic mass units,
so none is provided. Hence, the scaling factor for energy is just v., which is used to
non-dimensionalize the internal energy element of the state vector.

Number densities are scaled with respect to the far field ambient number density, n., which
leaves only the cross sectior, scaling factor to be determined. This factor follows from the
condition of flow similarity, which requires that the probability of a molecule suffering a collision
in traveling a given path length be accurately simulated. This dimensionless probability can be
expressed as the product of a cross section times a number density times a path length (at least for
small enough path lengths), and It is required that this product be the same for dimensional and
scaled representations. This implies that the product of the scaling factors for these three quantities
be unity and, therefore, that the cross section scaling factor be lI(n, o). The internal scaling
factors used in SOCRATES are summarized In Table 1.

Table 1. Scaling Factors Used for the Internal Representation of'
Quantities in the SOCRATES Code. All Variables are
Defined in Section 3.

PROPERTY SCALING FACTOR
Length ....................... Xo.
Velocity ...................... v,
Time .................... \,,/v,
Number Density ............ no,
Mass ....................... a.m.u.
Energy ........................ (a.m.u.)v;
Cross Sectlon ............ 1/(noX.)
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4.4 Weighting Factors

Statistical weighting factors are a crucial element of a successful Monte Carlo simulation,
allowing trace species to be described with reasonable accuracy. The weighting factor is the
number of "real" molecules that correspond to each "simulated" molecule. A "simulated" molecule
corresponds to one molecule's worth of storage (one state vector) allocated in the program, and the
weighting factor is its statistical weight. So, for example, the total number density in a cell, n,:11
can be expressed

n.,1= N1  , (27)
i=I

where Ni indicates the number of simulated molecules of species i in the cell, W i is the weighting
factor for that species in that cell, V is the cell volume, and p is the number of species. The
product NiW i that appears in Equation (27) is termed the number of "real" molecules of species i in
the cell. Note that n,u as calculated by Equation (27) is a scaled value; it would have to be
multiplied by n., as shown in Table 1, to become a dimensional evaluation of the number density.

The weighting factors used in SOCRATES are dependent on cell and species. Hence, flow
fields where a given species Is much more dominant in one portion of the solution region than
another can be accurately represented.

A critical error that can occur In Monte Carlo codes Is to have the number of simulated
molecules exceed the dimensioned limit of the code. On the other hand, it is generally desirable to
have as many molecules as is feasible to obtain good statistics. Resolution of these conflicting
considerations is complicated by lack of a priori knowledge of what the species number densities
will be as a function of space and time. The way the resolution is achieved Is by a dynamic
adjustment of the weighting factors, as required. This keeps the number of simulated molecules
more or less constant while allowing the number of real molecules to adjust as the solution evolves.
The Introduction of weighting factors, with the ability to adjust them as the solution demands, is an
Important feature of a Monte Carlo simulation which is to be usable by non-experts.
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5. INITIAL AND BOUNDARY CONDITIONS

5.1 Initial Conditions

Since the direct simulation Monte Carlo method is inherently an unsteady technique, an
initial state must be specified in order to advance the solution. For situations where a steady state
result is desired, it is obtained as the long-time solution to an unsteady problem. In this case the
initial conditions have no effect on the eventual solution, but they may well have an impact on the
speed with which that state is achieved. For steady state solutions, SOCRATES simply starts with
an evacuated solution region. For unsteady solutions, however, it is necessary to start with a
molecular distribution which is representative of the conditions at the start of the desired
simulation. For SOCRATES these conditions correspond to a uniform flow with the translational
and internal modes being in equilibrium. The specification of the initial conditions for unsteady
runs, therefore, involves determining the state vector elements consistent with this condition for the
desired number of molecules.

5. 1. 1 Number of Simulated Molecules and Their Weighting Factors

The desired number of simulated molecules for each species in each cell, M,, is an input
quantity. (Typically, simulations aim for a total number of molecules per cell in the neighborhood
of 20.) Given the Initial number density to be simulated for a species, ni, (which will have been
automatically converted to internal dimensions - see Section 4) the weighting factor for species I in
a given cell Is simply

Vn|

w, ,(28)

where V is the cell volume. If a species Is not initially present In a cell, then it is assigned an
initial weighting factor of zero. If simulated molecules come into the cell, the weighting factor
from their place of origin will be used to initialize the weighting factor in the cell. As the solution
proceeds, the weighting factors are automatically adjusted to keep the average number of simulated
molecules of each species in each cell approximately equal to M. The one exception to this rule is
that the code will always try to keep a sufficient number of major species in a cell to guarantee a
proper collision environment, and ths sometimes requires more than M, major species molecules.

5.1.2 Initial Positions

The initial molecules assigned to a cell should have an equal probability of being placed in
any volume element of the cell. For the hexahedral cells of SOCRATES, this simply involves
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selecting each of the position elements at random from the range appropriate to the cell in question.
That is, the x position is selected via the equation

X = Xmin + (Xa x - Xmi , (29)

where Xmin and x. are the positions of the x-faces of the cell in question, and f denotes a random
variable which has equal probability of lying anywhere in the interval {0, 1 }. (, will appear often
in this report. Each appearance corresponds, of course, to a unique evaluation of the random
variable.) The other position elements are selected analogously.

5.1.3 Initial Velocity Components

The thermal velocity components for a molecule in translational equilibrium (neglecting, tr
the moment, any mean flow contribution) should be -elected from a normalized Maxwellian
velocity distribution, f0(v), given by

fo = a expj-(av)2 /V""" (30)

where

a. = Vm/(2RoTO.) , (31)

m is the species molecular weight, Ro is the universal gas constant and T, Is the temperature.
Equation (31) applies for each of the molecular velocity components and must be sampled three
times for each molecule that comprises the initial state of the simulation. A method for directly
sampling from this distribution is

A, 2w , (32)

A. (33)

v 1w A.Sin(Al) (34)

After the thermal velocity components are determined for each molecule, then any mean flow
velocity is simply added on. The velocities are then transformed to internal units.
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5.1.4 Initial Internal Energies

The only remaining element of the state vector to be specified is the internal energy.
Internal energies for a gas in equilibrium are distributed according to the normalized distribution
function ft given by

= rr2-exp(-J/2) 
(3)2t-r(rJ2 ) ,

where " represents the number of internal degrees of freedom for the species in question, r is the
ganmma function, and 4 is a dimensionless internal energy, i.e.,

2l3 I
t= ,!E (36)

where F, Is the internal energy. Equation (35) is a representation of the chi square distribution for
r degrees of freedom; procedures for sampling from this distribution are given in Reference 5.

5.2 Source Boundary Conditions

The introduction of source molecules into the simulation is a lioundary condition which
depends on the specific model for thd source in question. SOCRATES Includes a *core flow*
source, which describes the contamination that results from the scattering of the flow from a
thruster back onto the shuttle. For this source, It is important to have a description of the main
exhaust flow away from a thruster. (This Is to be contrasted with a source which describes the
direct contamination of surfaes via Impact of exhaust gases. Since the thrusters are not pointed
directly at shuttle surfaces, it is the small portion of the flow which leaves the thruster at a large
angle from the Oxhauu ceanedine which is Im.rtant in this case.)

The plume gases expand upon leaving the exit plane and adopt an essentially radial flow
profile over a distance which is on the order of exit plane dimensions. Since this distance is smal
compared to the length scales of the interaction of the plume with the atmosphere, it is appropriate
to replace the nozzle by a point source, of exhaust molecules traveling at their thermodynamic
linkio speed with 4n undlsturbedl number density distribution given by

AM (37)r2

whtee B gives the axial number density d%-cay and 0 represents the angle from the thrust axis. The
r qppearing in Equation (37) is the spherical radius. giving the total distance from the source. 11e
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particular form for f(O) that is used in SOCRATES is an asymptotic form of that proposed by

Brook, 6 namely

f(O) = exp{-A 2t1 - cos(O)I} , (38)

where

2 - I-Cf ' (39)

CfU = Il+cos(On)l U[l+- 1 40)
2 Um 'MQ 2

u e 2 1..5=11+ 2(41)
Urn (y -l)

and

B = ~ 2 . (42)27 -, URn

In the above -relations, u., M0. n. and A. denote the exit velocity, Mach number, number
density and area, respectively; On is tho nozzle divergence half angle, and urn and 7 are the
thermodynamic limiting speed and the ratio of specific heats.

In a solution time step Atm, nuAAt m real molecules are introduced. Each molecule is
assigned an angle 0 which is chosen to be consistent with Equation (38) via

0 = cos'Il + C log(l- C) , (43)

where

C 1 (44)

and

C2 = I - exp(-2X,) (45)
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An azimuthal angle is selected at random for the molecule, and then the resulting velocity is
represented in the basic Cartesian coordinate. uti'zed by SOCRATES. The molecule is then
advanced from the source appropriate to a speed of um and a time increment which is a random
fraction of Atm. The process is repeated until the proper number of simulated molecules of each
exhaust species have been introduced.

5.3 Atmospheric Boundary Condition

The atmospheric boundary condition for SOCRATES is that molecules should be introduced
into the solution region from the outer boundaries in such a way as to simulate the undisturbed
ambient flow outside of the solution region.

5.3.1 Molecular Flux Across a Surface Element

The relations for molecular flux across an infinitesimal surface element are given in
Reference 1. If q is the molecular flux (molecules per unit area per unit time) crossing a g.ven
surface element, then q is given by

n., . . ,,,.. P - . ..- .

q -. A lexp(-w')iv -x" + wiI+ert(w)jl (46)

where

A = Vm/2RT , (47)

and

w = Aucos(a) . (48)

In these relations, n. and T,, represent the ambient number density and temperature for the
species in question; m represents its molecular weight; u. represents the mean Ilow velocity; and 0
Is the angle between the inward surface normal and the mean flow dirttiun. The flux given by
Equation (46) Is positive for all values of 0, reflecting the distribution of molecular velocities.
HowevEr, It does become exponentially small for large negative w. (Note that these relations must
be applied on a species-by-species basis; each species has a different spread in Its velocity
distribution by virtue of it% different molecular weight.)

The application of Equation (46) to the flat surfaces comprising the SOCRATES outer
boundary Is direct, since 0 does not change along the face. The total number of molecules to
introduce for a time step of tM is simply q~tA, where A is the area of the flat face in question.
Since the flux is constant over a fiat face, each position on the face is equally likely as a point for
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molecular entry. Hence, for a flat face, the starting molecular position can be simply obtained by
selecting a point at random on the face.

5.3.2 Incoming Molecular Velocity Components

For each molecule that is introduced, a local orthogonal coordinate system is set up such
that one direction is in the direction of the inward surface normal. Velocity components are first
determined in terms of this local coordinate system and then transformed to the main code
coordinate system. In the local coordinate system, the velocity components parallel to the surface
are determined as discussed above for molecules in the initial condition. The inward component of
velocity must be selected in proportion to the distribution h(v) given by

h(v) = v exp{-[a(v - <v>)]2} , (49)

where <v> is the component of the mean flow velocity in the inward normal direction and (% is as
given in Equation (31), It is possible for <v> to be negative, but all incoming'molecules must
have a positive v value by definition. Hence, this distribution is only sampled for positive values
of v. The sampling is done via the acceptance-rejection technique.
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6. MOLECULAR TRANSLATIONS

As discussed in Section 1, an essential element of the direct simulation Monte Carlo method
is the periodic advancement of simulated molecules along their trajectories. Formally, this is
accomplished by updating the position and velocity elements of the state vector. The specific
procedures for doing this depend on the coordinate system in which the state vector elements are
represented.

6.1 Molecular Translations in Cartesian Coordinates

In Cartesian coordinates, the translation is very direct. Let x, y, and z represent the
position coordinates and u, v, and w the corresponding velocity coordinates. If initial and final
values of the state vector are represented by a 0 and I subscript respectively, then the updated state
vector elements corresponding to a translation through a time step At are given by

x = Xo + uot , (50)

Y = Yo + voAt , (51)

z = Zo + wo , (52)

ut = uo , (53)

V1 = vo  (54)

and

wW e ,o (55)

6.2 Molecular Cloning

When a simulated molecule is translated from one cell to another, the weighting factor for
that species will generally be different in the new cell. Since it is the number of real molecules
rather than the number of simulated molecules which must be preserved when crossing cell
boundaries (statistically, at least), it is necessary to correct for the distinct weighting factors (see
Subsection 4.4).

If the weighting factor before translation is We, then the simulated molecule represents that
many real molecules. If the weighting factor in the new cell is W1, then Wo/WI simulated
molecules would be required to represent the same number of real molecules in the new cell. If
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this ratio were a whole integer, then this could be accomplished by introducing that many "clones"
of the simulated molecules in the new cell. That is, Wo/W simulated molecules would be placed
in the new cell, all with the same state vector.

When the number Wo/W 1 is not an integer (the usual case, of course), then the cloning must
be done on a statistical basis. So, for instance, if Wo/WI were equal to 2.7, then 30% of the time
two clones would be produced, and 70% of the time three clones would be produced. Note that
the ratio may be less than unity, and the molecule may not be introduced into the new cell at all.
(In which case the molecule is removed from the simulation.)

Cloning is a necessary evil inherent in a system with spatially varying weighting factors. It
enables such a system to maintain the statistically correct flux of mass and momentum across cell
boundaries, but it misrepresents the flux of randomized or thermal energy. This can be seen by an
extreme case where a very large number of clones is produced when a simulated molecule crosses a
cell boundary. The resulting molecules in the new cell have the correct mass and momentum flux,
but since they all have precisely the same velocity they have a null relative velocity and, therefore,
a zero temperature. If the weighting factors are not too different between adjacent cells, then the
errors introduced by this process are acceptably small. However, it does mean that one cannot
arbitrarily improve statistics in one portion of the solution region by selectively reducing the
weighting factors there. This was a difficulty which was encountered in the early stages of the
direct simulation Monte Carlo method while trying to improve statistics along the axis of
axisymmetric simulations, since the cell volumes (and, therefore, the sample sizes) tend to be
smallest on the axis.

As is also the case for simulated molecules produced via chemical reactions, it is possible
for the weighting factors between successive cells to be so different that a prohibitively large
number of simulated molecules would be required to produce the same number of real molecules.
The codes sense when a disproportionate number of simulated molecules are being produced for a
given species and cell and adjust the weighting factor automatically. As the weighting factor is
increased, a proportionate fraction of molecules of that species and cell are removed from the
simulation in order to keep the number of real molecules properly represented. This process
enables the weighting factors to seek their own proper level without a priori knowledge of the
solution. (Periodically, the cells are examined to determine if a certain species has been
underrepresented In terms of Its number of simulated molecules. If this is found to be the case,
then the weighting factor is decreased, allowing weighting factors to float downwards as well as
upwards. It is the danger of weighting factors being too small, causing an overflow of code
dimensions, which is most critical, however.)
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7. COLLISION SAMPLING IN A MULTI-COMPONENT VHS GAS

7.1 General Considerations and Approach

The two general considerations in the sampling of collisions are, as usual, accuracy and
efficiency of the simulation. As far as accuracy is concerned, it is crucial that the method in which
molecules are selected for collisions be proper. The correct collision frequency must be simulated
between various species and, in fact, between the different portions of the velocity phase space for
the various species. Furthermore, this frequency of simulated collisions must remain correct
without any requirements put on the velocity distribution function; it certainly must not be assumed
that there is a Maxwellian velocity distribution.

As far as efficiency is concerned, it is highly desirable to use a method of collision sampling
involving a computational effort which is proportional to the number of simulated molecules, N, in
a cell. Methods which are proportional to a power of N greater than unity can become
prohibitively time consuming as the number of molecules is increased - a limit which should be
made as accessible as possible for obvious physical reasons.

7.2 Collision Supiig 110 a S-gie Coipoie t Gas

The simplified situation of a simulation involving only one species is considered here. This
problem Is significant in part due to all the attention it has received and, as will be seen, it serves
as an Important reference case. When there is just one species, then there is just one gas kinetic
cross section (though it is still, of course, a function of collision energy), just one molecular weight
and just one weighting factor for each cell. In short, just one of everything that has a molecular
subscript. Hence, In this subsection all such quantities will be presented without subscripts. The
most Important simplification of having a single species is that there is just one collision class, i.e.,
only self-collisions of the given species with itself are possible.

7.2.1 Collision Pair Selection

As discussed In Section 1, collisions are sampled on a cell-by-cell basis until the number of
collisions simulated is appropriate to the overall solution time step, Atm, The only spatial
requirement placed on potential collision partners is that they be within the same cell. In
particular, It is not required that they be within a molecular diameter of each other. (Note that If
all pairs of molecules were inspected to find those that were sufficiently close to each other, this
would Involve a computational effort in proportion to the square of the number of molecules in the
cell.) The rationale for this Is that the cells should be small enough so that macroscopic properties
can be assumed constant across the cell. When this is the case, then a molecule within the cell can
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be considered typical of a molecule which might exist anywhere within the cell, and molecular
location can be ignored when selecting potential collision pairs.

Spatial consideration aside, the probability of any two molecules experiencing a collision is
proportional to Ucr, the product of their mutual cross section times their relative velocity. This
probability is correctly simulated via an application of the acceptance-rejection technique. A
maximum value for acr, (ocr)a, is stored for each cell. (This value is updated whenever a greater
value is encountered.) Pairs of molecules are selected at random from the cell, and acr for that pair
is calculated. The ratio r, defined by

r = (__r___ (56)

is determined. A random variable, , is then generated, and the pair of molecules is accepted as
collision partners if r is greater than #. This produces the proper relative collision probability
without regard to the existing velocity distribution function.

7.2.2 Collision Time Counter for a Single Component Gas

The volumetric collision frequency for a single component gas, ,, (collisions per unit
volume per unit time), is given by

V = I-n <ocr> (57)

where, as in Section 3, n represents the number density of the species, and < acr> is the average
product of collision cross section and relative velocity. At first inspection, it would seem from
Equation (57) that a correct simulation of collision frequency would require evaluation of <ocr>,
which would mean that all pairs of molecules in a cell would have to be considered. Such a
procedure involves a computational effort proportional to N- and is to be avoided, if possible, in
preference to a method which is proportional simply to N. The alternative approach, introduced by
Bird,1 Is the time counter approach. For each collision a time counter, t., is incremented by an
amount which depends on the relative velocity of the collision, Collision sampling continues in a
cell until its time counter has been advanced beyond the overall flow simulation time, at which time
the code proceeds to the next cell (which has its own time counter). The time counter increment,
Ate, is given by

2
&to = 2 , (58)

Vn2ac r
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where V is the cell volume and n is the species number density given by

NW
V (59)

with W being the weighting factor for the species. It should be stressed that Equation (58) applies
for each real collision. As is discussed in Subsections 4.4 and 8.4, each simulated collision
corresponds to W real collisiois, so when a simulated collision occurs the actual applied increment
to t, is W times the value given by Equation (58). A demonstration of the validity of Equation (58)
is given in Reference 7.

7.3 Collision Class Sampling in Gas Mixtures

The above procedure for a single species gas can be extended to a multi-component mixture
via consideration of distinct collision classes. In this approach, collision classes are defined by the
colliding pair identities. Hence, if there are p species in the simulation then there are p(p+ 1)/2
collision classes, which can be identified by the subscripts of the corresponding molecular pair.
(The number of classes is not p2 since the order of molecule specification is not taken to matter in
dotersiinig a collision class. lleric, the . .ass .,tf , by th . , , . n,&%t d.stnot rom
the class identified by the subscriptsj,l.)

In collision class sampling each collision class is sampled separately, and the collision
sampling In a cell Is not complete until all classes have been considered. Each collision class has
its own stored value of (crcr)nmx and its own separate time counter, tu. It can be shown that the
appropriate time counter increment in this case is

I + &
Atou = ninjVaoc, (60)

where aI Is the Kronecker delta which Is unity for i=j and zero otherwise. As In the previous
section, the above Increment applies for each real collision. A simulated collision usually
corresponds to WL real collisions, where WL Is the lesser of W1 and Wj (see Subsection 8.4), so
when a simulated collision occurs, the applied increment to teu is WL times the result of
Equation (60).
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7.4 Global Collision Sampling in a Gas Mixture

Although the procedure described above is quite reasonable for, say, a two-component
mixture, it becomes exceedingly complicated as the number of species increases. For 10 species,
for instance, the program must loop over 55 distinct collision classes for each cell, and storage
must be allocated for 110 quantities in each cell. As the number of species increases, the storage
requirement for the collision sampling constants quickly becomes greater than the storage required
for the molecular state vectors! The obvious simplification is to search for a technique where
collisions are simulated simultaneously for all collision classes, with each class having its proper
relative probability of being selected. The overall collision sampling then continues until a single
time counter indicates that sufficient collisions have been sampled in the current time step and cell.

7.4.1 Global Collision Time Counter

If molecular pairs are selected for collisions such that the various collision classes
automatically appear with the proper relative frequency (see below), then it is not necessary to
consider separate time counters for all the various collision classes. One approach that could then
be applied is to keep a collision time counter for just one collision class and increment it when
collisions of that class occur. If the various collision classes are being selected according to their
correct relative frequency, then simulating the proper frequency for one collision class will ensure,
in the iong run, that aii coilision uiassw are UoCurring wth uhe fuxfc C queincy. A udsauvarstage
with this approach is the necessity of making an arbitrary choice for the collision class which is to
have a time counter. Furthermore, there may be no good choice for a reacting flow where the
dominant species can vary strongly from place to place. (Clearly, one would not want to select a
class of collision that does not occur in a given cell, since the result would be a never-ending
sampling of collisions of other classes.)

The preferred approach is to define a global collision time counter, ts, which is a weighted
average of the time counters of all collision classes; i.e.,

t= I t Du , (61)
i=1 jul

where

C D , (62)
ji

and the Do are non-negative coefficients which can be selected at will, Note that In this
formulation every collision class will result In some Increment of the global time counter (unless
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Di is zero for that class), so the collision sampling frequency is not dependent on any one collision
class.

It remains, of course, to specify the Dij. A very convenient choice is given by

D~j = nj(63)1 + bij

Firstly, Equation (63) is convenient because it tends to make the collision classes with the higher
collision frequencies count more, resulting in good statistics for t. irrespective of cell location.
(Note that Dij is cell dependent since the species number densities are cell dependent.) Secondly,
Equation (63) results in a particularly convenient form for t5. The normalization factor given in
Equation (62) can be summed analytically to give

tg nin ~. L t.. (64)s n2  1+ 6jc
i= j=1

Hence, a collision of class ij, which would produce an increment of Ati j to its own time counter
prdauce an -n-crement At to t aiv n by

2nin t
At =mn2(l + 5 ) (65)

where, again, n Is the total number density of all species in the cell. If Equation (60) is substituted
Into Equation (65), the result Is

2

t = Vn2ujc (66)

Equation (66) is extremely significant since it recaptures the precise form of the time counter
Increment for a single species (Equation (58)), but Indicates that it Is completely valid for a
multi-component mixture so long as the various collision classes are sampled with the proper
relative frequency.

7.4.2 Collision Pair Selection In Multi-Component Mixtures

When considering selection of collision pairs, it is crucial to remember the distinction
between real and simulated molecules discussed in Subsection 4.4. Given two simulated molecules
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selected at random from within the cell, the probability of their having a real collision is
proportional to WiWjuijcr. However, real collisions cannot happen individually; they come WL at
a time, where WL is the lesser of Wi and Wi. Hence, when a collision is decided upon in the
program, WL of them will occur. To compensate for this, potential collision pairs should be
accepted for a collision according to the size of Q given by

Q = wuijcr , (67)

where WU is the greater of Wi and Wj. The relative frequency of real ij collisions will then be
proportional to the product QWL (the relative probability of a pair being accepted for a collision
times the number of real collisions occurring when the pair is accepted), which is the desired
relation. Selection of collision pairs with the correct relative frequency then assures that
incrementing the global time counter as discussed above will give a statistically correct sampling of
all collision classes simultaneously.

7.4.3 Summary of Collision Sampling in Multi-Component Mixtures

The results of this subsection can be summarized via the following procedure for the
sampling of collisions:

E cell has a Of...." ,I,,t . f Q,,V the laraat ,,,,he ¢o Q #.lch hna hean
encountered so far In the collision sampling process. Whenever a larger value
of Q is encountered, Q. is set equal to that larger value.

0 Each cell has a current value of the global time counter, t..

* Pairs of simulated molecules are selected at random from all molecules within
the cell.

* For each pair, Q, (as defined by Equation (67)) Is computed.

* The ratio of Q to Q, Is computed, and a random variable Is generated. The
pair Is accepted for collision if the random variable Is less than that ratio. (If
the pair is not accepted, then another random pair is selected. The process
continues until a pair is accepted.)

* For an accepted pair, the collision mechanics are computed as described in
Section 8.

SThe global time counter Is incremented by WLAt , where At Is given In
Equation (66), and WL Is the lesser of the two welght/hg factors.

* Te process continues until the global time counter goes beyond the overallflow
time. At that point the collision sampling is commenced in the next cell.

* When all cells have had collisions simulated, then the code proceeds to the
translation portion. (See Sections I and 6.)
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7.5 Deviations from the General Procedure

There are some exceptions to the above relations which have been added to SOCRATES in
order make it more efficient. These exceptions are described in the following subsections.

7.5.1 Cell Specific At-

Before collisions are simulated in a cell, the mean residence time of molecules in the cell is
estimated using the cell dimensions and the molecular velocities. When collisions are simulated in
the cell, it is done for an increment of the global time counter that is 20% of this mean residence
time (but no less than At..). Collisions are not again simulated in the cell until the overall flow
time has caught up to the global time counter for the cell.

The major reason for doing this is to recognize that some cells will tend to have their
molecules remain in them much longer than others. Cells which have longer molecular residence
times will tend to have molecules which experience more collisions within the cell. When the
number of collisions per molecule becomes sufficiently large, it can be assumed that the molecules
in the cell equilibrate with each other, and the equilibrium sampling procedures described in
Section 9 can be applied. Since these relations are much faster than direct collision sampling, it is
highly desirable to apply them whenever they are valid.

For unsteady simulations the cell specific AtM is not applied since it might result in a
temporal blurring of the solution.

7.5.2 Relaxation of 0..,.,,

The current value of Q,,, in a cell is reduced by a factor of 0.95 if 20 or more potential
collision pairs are rejected in a row. The rejection of coiision pairs can become the most time
consuming part of the simulation, and a large value of Q,,,, exacerbates the problem. This change
means that a cell is not permanently penalized tfr a single event that once occurred in it, but the
change in Q,., is not so great as to invalidate the pair selection probability. This modifiation
can, under some collision dominated circumstances, result In an order of ingnitude Increase in
computational speed.

7.5.3 Maximum Time Counter Increment

Since At, is inversely proportional to relative velocity (Equation (66)), when a very low
velocity collision does occur, it can result In very large increment to the collision time counter.
which effectively turns off collisions in the cell for a long time. Although this is statistically
proper in the long run, it can result in a substantial statistical fluctuation in the short run. The
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codes do not allow a collision time increment to be greater that Atm, the overall step that is used in
the solution.

The limitation on At. is achieved by decreasing the weighting factor of the collision below
the weighting factor of either of the two colliding molecules. The maximum collision weighting
factor, (We) , is given by

1 V 2ac

= 'At r (68)

The weighting factor that is applied to a collision is actually, therefore, the smaller of {Wi, Wj,
(We)=j . If W, represents this value, then a collision counts as W. events. In order to maintain
an overall correct simulation, the Q described in Equation (67) is actually given by the relation

QWUWLGCrr(9 W ' (69)

and the time increment applied to the global time counter is W At. (The two molecules then have
their state vectors updated as a result of the collision with probabilities of W/Wj and WeWi

-r.................. I ML.' M'te-m kamlf . an thv noohiorahie to that Oiven ahoy-
however, the problem of occasional large time increments is eliminated.

7.5.4 Separation of Malor and Minor Species

A problem arises when a cell happens to contain a single molecule of one major species and
all other molecules in the cell are minor species with weighting factors considerably less than that
of the first molecule. (In treating minor species, the ratio of weighting factors may be as much as
1000 or more.) Since a molecule cannot collide with itself, collisions between major species can
not occur in such a cell. The result is that the contribution of major species collisions to the
overall time counter are unobtainable; and the entire collision time increment has to be made up
with collisions between the single major species and one or other of the minor species. (Collisions
between minor species were rare since pairs are selected with a probability which is proportional to
the greater weighting factor - see abwve.) The result of this problem is that vastly too many
collisions are simulated between the major and minor species. This is both unphysical and
numerically inefficient.

The solution to the problem is twofold: I) Logic is in the collision routines to recognize
when this problem occurs; and 2) The global time counter is redefined in such situations, The
different time counter is achieved simply choosing a different definition for the Dij coefficients
appearing In Equation (61). Rather than taking a weighted average over all collision classes, it is
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possible to take a weighted average over just those collision classes which involve a collision
between a major and a minor species. If n, represents the total major species number density and
nj represents the total minor species number density, then Dij is defined for this case to be

Di = ninj , (70)

rather than the value given in Equation (63). The implied increment for the global time counter is
given by

At1 (71)
Vnlnjac r "

This counter is then only applied for collisions between the species declared to be major and the
species declared to be minor, but the increment that is applied is much larger than if the weighting
were over all collision classes. Note that collisions between minor species still occur - they just
don't affect the collision time counter. It should be stressed that this modification is only applied
for the special case of a cell that has a single major species molecule (defined as a weighting factor
at least ten times greater than that of the other molecules). The result of this modification Is the
return of the correct collision frequency to the simulation and the removal of a substantial
numercal problem.
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8. COLLISION MECHANICS

8.1 Relations for Elastic Collisions

The purpose of this section is to present relations appropriate to the simulation of a collision
in the SOCRATES code. (The question of how molecules are selected for collisions, which is
crucial to the proper simulation of collision frequency, was taken up in the previous section.)
Conservation of momentum implies that the center-of-mass velocity of the collision pair is
unchanged by the collision; and conservation of energy then implies that the magnitude of the
relative velocity between the collision partners is also unchanged by the collision.8 Since the
collision is treated as a statistical event, all that remains is to select the direction of the
post-collision relative velocity vector from the correct distribution. As mentioned in Section 3,
collisions in the VHS model are treated as hard sphere collisions when they occur (though they do
not occur with the same velocity dependence as do hard sphere collisions). Hence, as far as the
collision mechanics is concerned, the model is a hard sphere model. For hard sphere molecules, all
directions for the pot-collision relative velocity vector are equally likely. This is the chief
computational simplicity of the VHS model.

Let the two molecules be identified by subscripts I and 2, with m and v denoting their
masses and velocities. If i and f indicate initial and final states, then the relations for the collision
can be summarized via:

Vcm - + (72)

vr -- iV-72il , (73)

cos(O) = I -2 , (74)

sin(o) " -co2(O) , (75)

• = 2 r , (76)

rf= vrfcos(O), sin(O)cos(o), sWi(0)sin(0)j (77)
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--- 2vrr (78)
Vf = cm +,(

and

- mlrf (79)
V'2 f ven - I +n2(

Where, again, P indicates a random variable which is evenly distributed on the interval zero
to one. Each time that P appears a distinct evaluation of the random variable is implied.

8.2 Effect of Coordinate System

Note that the expression for the post-collision relative velocity vector (Equation (77)) is not
coordinate system specific. The Indicated vector components can apply to any locally orthogonal
coordinate system, since the direction implied is random. The convenient coordinate system to use,
of course, is the coordinate system used to define the velocity elements of the state vector.

Although Equation (77) is independent of coordinate sys'em, there is a source of error
which Is dependent on coordinate system. This error arises from a basic premise of the direct
simulation Monte Carlo method, namely that position in the cell Is ignored when sel!ecting collision
partners. If the velocities are expressed In a coordinate system which has spatially varying basis
vectors, then differences In position between the two molecules can imply an erroneous difference
in velocity.

SOCRATES makes use of the effect of spatially varying basis vectors to solve an otherwise
difficult problem. The problem arises due to the presence of concentrated sources of contaminants,
such as thrusters and evaporator vents, which are modeled as point sources producing molecules
traveling (initially) directly away from the source. Since there is no length scale to a point source,
the assumption that properties are constant for the cells in the immediate vicinity of the source must
be Invalid. This can result in Improper collision sampling If special care is not taken.

If the velocities are expressed In Cartesian coordinates, for instance, then two molecules
selected from different positions within the cell containing such a point source can have a
substantial relative velocity. This relative velocity is illusory, however, since it merely results
from the assumption of a point source and the neglect of spatial differences: there should not be
coillsions based on this relative velocity since the molecules are, in fact, heading away from each
other.

A simple resolution to this problem Is to express the source velocity elements In spherical
polar coordinates. In these coordinates, every molecule leaves the point source with the same
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velocity in the direction of the spherical radius vector. Expressed in spherical polar coordinates,
the relative velocity disappears. SOCRATES transforms velocity vectors to spherical polar
coordinates for cells in the vicinity of point sources (specifically, when the total number density is
greater than three times the ambient number density). Collisions are sampled in the transformed
coordinates, and then the velocity elements are transformed back to the normal representation after
collisions have been sampled for the cell in question.

8.3 Simulation of Inelastic Collisions

SOCRATES uses the Borgnakke and Larsen4 phenomenological model for transfer of energy
between internal and translational modes. In this model, a collision is assumed to be either
perfectly elastic or perfectly inelastic, via a user specified probability. A perfectly inelastic
collision is achieved by summing the total pre-collision energy (internal energy of both molecules
plus the translational energy of their relative motion, Equation (5)), and then assigning
post-collision values from the equilibrium distribution for collisions with that total amount of
energy, taking into account the number of internal degrees of freedom in the two molecules. Note
that this model has the ability to relax from a nonequilibrium to an equilibrium state via an
effective collision number. The ability to exchange internal energy in such a manner comprises a
significant increase in capability for Monte Carlo codes beyond the previous models where
molecule, had no internal energy. It is this capability which enables the codes to realistically
predict the macroscopic effects of polyatomic gas flow.

Let tj and t2 be the number of internal degrees of freedom of the two molecules in an

inelastic collision, and E, be the total collision energy defined by

E v, + EIi +E2 , (80)

where I,1 Is the Initial translational collision energy defined by Equation (5), and Eli and E21 are
the pre-collision Internal energies of the two molecules. Using the procedures presented In
Reference 5, the somewhat cumbersome expressions given In Reference 4 can be recast In terms of
the chl-square distribution. Post-collision values for the respective energies are given by

Elf = , (81)Xt + + X3

S X2E,
S x, , 

(82)

and
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Ect X3E,
XI+X 2 +X 3

where X, is selected from a chi-square distribution with j degrees of freedom, X2 is selected from
a chi-square distribution with 2 degrees of freedom, and X3 is selected from a chi-square
distribution with 2(2 - w) degrees of freedom. (Efficient procedures for sampling from a chi-square
distribution are also given in Reference 5.) The post-collision translational energy is then used to
determine a new relative velocity between the two molecules. With this new relative velocity, the
previous relations for determining the post-collision velocity elements of the molecules apply for
inelastic collisions as well as for elastic collisions.

The fact that the translational energy is selected from a distribution with 2(2 - w) rather than
the 3 degrees of freedom that might be expected for translational energy merits some explanation.
It Is due to the fact that these molecules are not random samples from the gas, but rather special
molecules owing to their being the product of a collision. This point can perhaps best be seen by
considering microscopic reversibility, where the inverse collision occurs with the same rate in
equilibrium. For this reverse process, molecules participating in it are not all equally probable,
since those with greater relative velocities are more likely to collide. Hence, the number of
degrees of freedom does take on the value three for the special case of W equal to 1/2, which is
precisely the case of collision frequency being independent of relative velocity. Translational
energy In collisions behaves as if it has 2(2 - w) degrees of freedom.

8.4 Collisions Between Molecules with Distinct Weighting Factors

There Is an obvious problem when considering a collision between two simulated molecules
with distinct weighting factors, since they represent a different number of real molecules. If WU
and WL represent the weighting factors for the two molecules, with W U being greater than WL,
then the collision Is generally counted as WL "events", (More precisely, the weighting factor
applied to the collision Is generally taken to be WL) This is accomplished by always assigning
post-collision velocity and energy components to the state vector of the molecule with the smaller
weighting factor, but only changing the components of the molecule with the greater weighting
factor some of the time. The probability that the molecule with the greater weighting factor will
have Its components changed is simply WL/WU. Statistically, this means that for a large number of
simulated collisions, each such simulated collision will average out to W1, real collisions for each
species, even though their weighting factors differ. It should be noted that this does violate
conservation of momentum and energy on an individual collision basis, but these quantities are
conserved in the aggregate over a large number of collisions.

In some cases the collision Is assigned a weighting factor W. which Is less than either of WL
or Wu.When this Is done, the velocity components and internal energies of the two molecules are
danged with a probability of We/WL and W/Wu, respectively. (See Section 7.)
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8.5 Reactive Collisions

Reactive collisions can be simulated directly. The treatment of reactive collisions is similar
to that for inelastic collisions, except that a heat of reaction is added to the total energy expressed
in Equation (80). Reactive collisions can result in the disappearance of reactant molecules, with the
post-collision state being applied to the product molecules.

8.5.1 Types of Reactive Collisions

SOCRATES has a fairly comprehensive chemistry package which is capable of handling a
variety of reactive collisions. Generally speaking, a reactive collision is an event which occurs due
to collisions with a probability that depends on the velocity (or energy) of the collisions. The
following generic types of reactions are treatable:

1. Specific Bimolecular Reactions, i.e., reactions of the form

A+B-C+D 

where A, B, C, and D are particular species. An example of a reaction of
this type is

O + H2 O-.,O + H20*

(In this example, the vibrationally excited state of water, HO*, is treated as

a distinct species.)

2. Generic Bimolecular Reactions, i.e., reactions of the form

A + M.-B + M

where A and B are particular species, and M can be any species. An
example of a reaction of this type is

H20 + M- H20* + M

which is similar to the previous reaction except that now any molecule can
serve to excite the water molecule.

3. Dissociation Reactions, i.e., reactions of the form

A+M-*C+D+M 

where M is any molecule, and C and D are the fragments of A that result
from dissociation. An example of a reaction of this type is

02 + M-.O +O + M
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8.5.2 Reactive Collision Probability

The Monte Carlo program simulates all of the above reaction types by calculating a reactive
cross section which is a function of the relative collision energy. When a collision occurs, the
reaction is simulated with a probability which is proportional to the ratio of the reactive to collision
cross section at the relative velocity for the collision.

There are two options for specifying the reactive cross section. The first is to specify an

Arrhenius rate constant, kr, of the form

kr = ATnexp(-E,/RoT) , (84)

where E. is the activation energy of the reaction and A and n are parameters of the relation. (Ro is
the gas constant and T is temperature.) The unique reactive cross section, c*, corresponding to
Equation (84) is given by3

... v ( + 60iAn
3/Vr2) - EA/Ec (EC - E8)n , (85)2Ronp(n+ 3/2)

where 6U is unity for like reactants and zero for unlike reactants, r represents the gamma function
and E, is the collision energy given by Equation (5). Note that a rate constant is defined in terms
of an equilibrium velocity distribution, so the correspondence between Equations (84) and (85) can
be made. There Is no requirement, of course, that the reactive cross section given by Equation (85)
be used only In equilibrium situations. When this option is used, only the arrhenius parameters
A,n and E, need be specified; the program automatically computes the corresponding reactive cross
section.

For some reactions, the form of Equation (85) is too restrictive, and it is then possible to
Input a table giving the reaction cross section. The form of the table Is of the same functional form
as Equation (85), namely the product of the relative velocity times the reactive cross section is
given as a function of relative collision energy. Although this form is not standard, it is far more
convenient for reactions where one of the reactants Is generic ("M"), since there is no
correspondence between collision velocity and collision energy until the masses of both reactants
are specified.

8.5.3 Options for Simulatingt Reactive Collisions

SOCRATES has distinct options for simulating reactive collisions which are reflective of
different anticipated user needs. In all options, the sampling of the reaction rate (if It Is being
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performed) is done the same way. Whenever a collision occurs between the two reactants, the
reactive cross section is calculated, and the reaction is counted with a weighting factor, Wr, given
by

VrO'

Wr = Wc , (86)

where WC is the collision weighting factor (see the previous section). Hence, even thcugh the
reactive cross section may be significantly smaller than the collision cross section, the statistics on
the reaction rate are similar. (The statistics for the reaction rate may converge slower due to the
velocity dependence of the reaction cross section; but not due to its absolute inagnitude.) If two
molecules can participate in multiple reactions, statistics are kept for each reaction.

If products are introduced as a result of the reaction, they can be introduced at every
simulated reactive collision with a weighting factor of Wr, or introduced with a weighting factor of
W., but only W,/W, of the time. The difference depends on the importance of tracing product
species in the simulation. The former approach will result in more. computational effort being
spent on the product species, but it will give better statistics on them. In either case, reactants are
removed from the simulation with a probability of W1JW, in any reactive collision.
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9. PROCEDURES FOR COLLISION DOMINATED FLOW

One of the major difficulties in the classical Monte Carlo technique is the attainment of
equilibrium, where the collision frequency can become prohibitively large for a direct simulation.
There are two basic approaches for this problem, and both are utilized in SOCRATES. The
equilibrium modeling is only applied if no products are being introduced into the simulation as a
result of chemical reactions. When such products are introduced, collisions are always sampled for
the full time increment. The two equilibrium approaches are described below.

9.1 Collision Cutoff Approach

This is the usual method of dealing with a collision dominated flow field. In this method,
collisions are sampled in a given cell only until enough have been sampled to guarantee
equilibrium. Since further collisions only result in the maintaining of equilibrium, they need not
be simulated. It is necessary, of course, to estimate the actual collision frequency and keep proper
count of the collisions (In particular the excitations) which are not directly simulated in order to
obtain the correct collision frequency. Once a cell has had its collisions cut off in this fashion, a
flag Is set for it. On subsequent calls, the equilibrium aftermath approach (described in the next
section) is applied to the cell. (The equilibrium aftermath approach also calculates collision
frequencies and switches back to regular collision sampling if it becomes too low.)

9.2 Equilibrium Aftermath Approach

It Is possible to avoid sampling collisions altogether If it is known that the cell is in
equilibrium. This Is done by calculating the total cell energy and momentum, and then selecting
post-collision velocities from the appropriate equilibrium distribution. Although the principle Is
simple, the application Is complicated by the fact that molecules in the cell do not all have the same
statistical weight. In some ways (e.g., the determination of mean velocity) the statistical weight
acts like an effective multiplication of molecular mass - the greater a molecule's statistical weight,
the greater Its contribution to the mean flow velocity. In other ways (e.g., the assignment of
post-collision thermal velocities) the statistical weight does not affect the result -a light molecule
should generally have a large thermal velocity Irrespective of its statistical weight.

The second difficulty with the formulation of this approach Is the necessity for constraining
the total energy and momentum to match the pre-collision values. Hence, it is not proper to
calculate the initial energy and then simply sample from Maxwelllan distributions with the same
mean energy, since such a distribution has a finite probability of producing a molecule with any
energy - and the net result would be an unacceptable divergence in the cell energy and momentum
from the Initial values. Both of these problems are avoided in the steps enumerated below.
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The method is implemented by calculating the total momentum and energy in the cell and
then "peeling off" one molecule at a time from the others. The internal mode energy and energy of
relative motion for that molecule (relative motion with respect to the remaining molecules) are
selected from equilibrium distributions, except that a scale factor which is proportional to
temperature is temporarily left undetermined. The process is repeated sequentially until all energy
modes have been assigned values, and then the overall multiplicative constant is chosen to match
the known total energy of the system (thus determining the temperature).

Each molecule is then assigned velocity components which are consistent with the known
relative velocity between it and the remaining molecules; and then conservation of momentum
determines the mean velocity of the remaining molecules. Again, the process is repeated
sequentially until all velocities and internal energies have been assigned.

9.2.1 Conserved Quantities

The total energy and center-of-mass velocity are directly computed via the following
procedure:

I) The following sums are evaluated, summing over all the simulated molecules in the
cell:

S1 = Wimi  (87S 1  ~ ,(87)

S2 M Wimiui  (88)

S3 = iWlmivi ,(89)

S4 = Wiw1  (90)

* SS  E E Wim!(u+v;+w?) ,(91)

S6 =j (92)
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where Wi, mi and Eli are the statistical weighting factor, the mass and the internal
energy, respectively, of the ith molecule; and ui, vi, and wi are its velocity
components.

2) The center of mass velocity components: tu*, v, and w*, are computed via:

U* = (93)

V = $3/S1 (94)

and

w* S4/Sl (95)

3) The total translational energy of relative motion between, the molecules, Ft., can be
represented by:

E - " Wjm[(u - u*? + (vi - v*? + (wi - w*)21 (96)

although it is more easily evaluated by the mathematically equivalent expression

"tn IS Y i + Y. 4 (97)
2 S,

4) The total cell energy is therefore given by

FU = S6 + Elm . (98)

9.2.2 Center-of-Mass Velocity Distribution

Given that a group of N molecules Is In equilibrium, It is possible to determine the form of
the distribution function for their mass averaged velocity, taking into account their different
statistical weighting factors. This relation Is most easily demonstrated by relating the Maxwelllan
velocity distribution to the normal distribution of statistics and then utilizing a basic statistical
theorem.

A variable, r, Is distributed according to a normal distribution If Its probability density
function, f(r), Is given by
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f(r) =exp(- r(99)/()V*r) ,

2d2

where o2 is the variance of the distribution. (The distribution has been selected with zero mean
since the effect of non-zero means does not influence the velocity differences which are the goal of
this exercise.) A basic result of statistics is that if r, is selected from a normal distribution with
variance ol and r2 is selected from a normal distribution with variance A, then the variable r3
defined by

r3 = cr 1 +#r 2 , (100)

will follow a normal distribution with variance o2 where

,2= .1 2 r (101)

If it is recognized that a normal distribution is the same as the Maxwellian distribution for a single
velocity component, then this result implies the distribution for the center-of-mass velocity
components obtained by averaging over N molecules as in Equations (93) - (95). The result is that
this mean velocity follows a Maxwellian velocity distribution appropriate to a "super" molecule
whose mass, m., is given by

N

me ( wim)/(~ ~ 1  (102)

(The temperature of the distribution, of course, Is the same as that used to selvt the constituent
molecular velocities.) Although Equation (102) Is not intuitively obvious (to these authors,
anyway), It does yield some expected limits. If all of the weighting factors are the same, then m, is
the sum of the masses of the Individual molecules. However, if one molecule's weighting factor Is
much larger than the others (resulting In the center-of-mass velocity of the group being essentially
equal to that molecule's velocity), then the distribution of center-of-mass velocity Is the same as the
distribution for that one molecule.

9.2.3 Molecular Relative Velocity Distribution

The relative velocity between an Individual simulated molecule (referred to as "molecule j")
of mass mj with respect to the center-of-mass velocity of N other molecules will, therefore, have
the same distribution as the relative velocity between that molecule and another molecule of mass
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Ms. It is a well known result that this velocity distribution is a Maxwellian distribution appropriate
to a molecule with a reduced mass, /ja, given by

MJS - mms (103)

Put in terms of the chi-square distribution which is used extensively in the Monte Carlo model, u
(the square of the relative velocity between molecule j and the center-of-mass velocity of the other
N molecules), can be expressed

2=kT X (104)

where Xj is a variable selected from a chi-square distribution for the relevant three translational
degrees of freedom. [k Is Boltzmann's constant, and T is the (as yet undetermined) temperature.)

9.2.4 Translational Energy of Relative Motion

The total translational energy of the molecules (which can be expressed as in Equations (87)
- (96) above, summing over all N +I molecules) can be algebraically recAst in a form which
specifically shows the contribution of relative motion between molecule j and the N other
molecules, Specifically,

- EN + . (105)

In Equation (105), EN is the translational energy which would result if only the N molecules were
Included In the previous sums, and EN+t is the value obtained with all of the molecules. The
factor in the difference, ij, Is the "reduced weighted mass" between molecule j and all of the other
molecules, iLe.,

I/ j $ 1 j~ (106)

where SI Is as defined in Equation (87), applying the sum to the N remaining molecules. It is
crucial to note that in, as defined in Equation (102), determines the distribution of relative
velocities between mj and the other N molecules; but jj, as defined above, determines the amount
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of energy associated with that relative velocity. Combining Equations (104) and (105) gives the
translational energy contribution, Ej, as

Xj kT)--j-X, (107)

Note that this effectively gives a weighting factor associated with the translational energy

contribution of molecule j of nj/tj.

9.2.5 Determination of Temperature

The internal energy associated with molecule j, Eu, can he represented simply by

Eu = (lkT)WXij , (108)

where Xu Is a variable selected from a chi-square distribution with the number of degrees of
freedom appropriate to molecule j's Internal modes. As discussed above, this process Is then
repeated sequentially for each molecule in the cell. Note that *N" in the above relations refers to
all remaining molecules which have not had their energies determined yet. This means that m,, for
instance, changes with each molecule since It Is defined via a sum over these remaining molecules.

The last molecule has no translational energy of relative motion associated with it since there are no
remaining molecules for It to be moving with respect to. It does, of course, have Internal energy.

Summing all of the N and ED and equating them to the known total energy E (as given In
Equation (98)) then determines the temperature of the system. It is noteworthy that this
temperature is not determined just by the total energy of the sy.tem, but also by the statistical
sampling process. This is consistent with the fact that any temperature could result in the particular
observed velocities. although some temperatures are much more likely to produce them than others.

Once the temperature is defined, then the sequential relative velocities squared u;

(Equation (104)) and Internal energies (Equation (108)) are determined. It Is then a simple matter
to go back and apply these values to select individual molecular velocity components via the same

* procedure described In Section 8.

9.3 The Number of Collisions Required to Achieve Equilibrium

The number of collisions required to achieve equilibrium depends on the model being
employed and the criterion for equilibrium. (Equilibrium Is approached asymptotically and, as
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such, could be regarded as an ideal limit which is never realized.) The model being employed, as
discussed in Subsections 3.4 and 8.3 is that of Reference 4. In this "statistical collision" model, a
fraction, a, of the collisions are taken to be "perfectly inelastic"; that is, in such collisions all
translational and rotational energy of the colliding molecules is made available for distribution to
the post-collision state vectors, taking into account the number of translational and internal degrees
of freedom. The rest of the collisions are taken to be completely elastic, with no interchange
taking place between the translational and rotational energy modes. The parameter of the model,
a, should be chosen to match available data for rotational relaxation.

Within the context of this model, the question to be addressed is how many collisions are
required In a cell before the model predicts that it is essentially in equilibrium. The question can
be made independent of c if it is phrased: "How many inelastic collisions per molecule must be
simulated before the cell can be considered to be in equilibrium?". This question is suitable for
direct Investigation with the model, and a test calculation was performed to answer it. The test
calculation indicated that the equilibration is 90% complete after approximately 3.08 inelastic
collisions (on the average) for each molecule. This seems to represent a reasonable point at which
to say that further collision simulation is unnecessary, although the cutoff is of necessity somewhat
arbitrary. This number of inelastic collisions serves as a useful benchmark in the comparison of the
collision cutoff and equilibrium aftermath approaches, and it also serves to define when the
aMication of the equilibrium aftermath approach is valid.

9.4 Method Comparison

Test runs were run where the collision cutoff approach was utilized for 3.08 inelastic
collisions per molecule. (Sinve a = 0.2 was used, this corresponded to about 15 total collisions
per molecule.) The time required to compute the relaxation via collisions was then compared to
the time required to utilize the equilibrium aftermath approach. The result was that the equilibrium
aftermath approach was almost an order of magnitude (a factor of 9) faster In achieving the same
result. This ratio will no doubt vary with computer and specific calculation being performed; but it
Is highly likely that the equilibrium aftermath will always come out considerably faster. It is for
this reason that the method was implemented in SOCRATES.
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10. STATISTICAL SAMPLING OF OUTPUT

10.1 General Considerations

* It is safe to say that the molecular state vectors as they exist in the computer do not
comprise the usual desired output of the procedure. With rare exceptions, it is the macroscopic
quantities such as temperature, density, mean flow velocity, etc. which are of interest - not the
microscopic quantities represented by the state vector of an individual simulated molecule. The
gentration of the desired output requires that the macroscopic quantities of interest be represented
in terms of statistical sums of the available microscopic quantities; and it is the main purpose of this
section to present these correspondences. All sums are kept in terms of "real" molecules and
events, i.e., the current weighting factors are included in the sums. This is essential since the
weighting factor determines the statistical importance of a given molecule. Since the weighting
factors are dynamically and unpredictably adjusted as the solution progresses, it would not be
possiblt to go back and add in the effect of weighting factors a posteriori.

In general, it must be decided ahead of time exactly what output is desired from the code,
and, therefore, what statistical sums should be kept to generate it. There is a vast amount of
-potential information in the simulation, and it is not reasonable to store all possibly interesting
quantities in all runs. On the other hand, it is wasteful to completely rerun a case just because the
user decides there was an additional quantity he was interested in. The selection of output for a
given run, therefore, unavoidably requires user judgment. Once the user has decided upon the
required output, the determination of which statistical sums are required is done automatically by
the code. Care is taken to make sure that a statistical sum is not duplicated internally if it Is
required by more than one requested output quantity.

Some initial words of caution are required. By its nature, the direct simulation Monte Carlo
method works with far fewer molecules than nature does and it, therefore, exhibits considerably
greater statistical variation in Its macroscopic predictions. To reduce these variations, the code Is
run repeatedly for the same case, increasing the statistical base from which the macroscopic output
is derived. Useful results can usually be obtained with a modest computational eftort. However,
this statement must be tempered by a realization of the convergence rate for Monte Carlo sampling.
Basically, the statistical error in the output converges as one over the square root of the sample size
(or run time). Hence, if a solution looks good, but the user decides he would like one more
significant digit (i.e., he would like the statistical error to be reduced to 0. 1 times its current value)
it would require that the run time be increased by a facto:r of 1001 It can be seen that the desire ftr
more accuracy can quickly turn the most efficient code into a money gobbling nightmare. When
using a Monte Carlo technique, one must accept some statistical scatter in the output.
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10.2 Sampling of Instantaneous Volumetric Output Quantifies

Instantaneous volumetric output quantities, such as density, temperature and velocity, can be
determined by examining the molecular state vectors at a particular time in the simulation. The
code pauses in the simulation and uses the molecular state vector elements to add values to the
statistical sums appropriate to the various cells and the particular time that it paused. It then
proceeds with the simulation until the next sampling time. As the code goes through its successive
runs, it stops at the same points in the simulation every time and adds to the statistical base for the
sums. (For steady state cases, it simply does it repeatedly after the initial transient has died down.)
The items listed below, with their statistical definitions, are selectable as output requests in
SOCRATES. Summations are performed over all applicable simulated molecules, which include
Nan separate runs.

* TOTAL NUMBER DENSITY

n S Vt (109)
=VNu

* MEAN MOLECULAR WEIGHT

S6m =(110)

0 x VELOCITY COMPONENT

S3

* y VELOCITY COMPONENT

S4
Vy S- 4  (112)

* z VELOCITY COMPONENT

vz S- (113)
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* OVERALL TRANSLATIONAL TEMPERATURE

T S 32 + S4
2 + S5

2  (114)

0 TRANSLATIONALTEMPERATURE IN jTH DIRECTION

Tj = OsS S6:" ~ - S - (115)

* INTERNAL MODE TEMPERATURE

2S99= 
(116)

where the indicated sums, Sk, are defined by:

St = W i  (117)

$2 = W , (118)

S3 Wimlvx , (119)

S4 = Wimivyi , (120)

s. s Wmiv (121)

S 6  Wim, * (122)

S7 W (1, (23)

S - Wimtvji (124)
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S9 = jWEii (125)

and

SIO = Wit " (126)

With the exception of Equation (110), all of the above quantities can also be defined and calculated
for any specified species. The sums are the same except that only molecules of that species are
considered. Before printing output quantities, they are always transformed to standard dimensions
from the internal dimensionless variables.

10.3 Sampling of Time Averaged Output Quantities

Some additional quantities of interest are not sampled at a separate sampling time as
described above, but rather as the simulation evolves. Examples of such quantities are collision
rates, reaction rates, mean velocities between molecules, etc. For the most part, these quantities
depend on the relative state of more than one type of molecule, and they are by their nature
expressed as average values over a finite time interval. The formulas for calculating these
quantities are no more than event counters, and will not be Included here. The following quantities
are currently available as output:

0 Mean Relative Velocity Between any Two Species;

* R.M.S. Deviation of Mean Relative Velocity Between any Two Species;

* Mean Product of Cross Section Times Relative Velocity Between any Two
Species;

* Collision Rate Between any Two Species;

* Reaction Rate for any Chemical Reaction;

* Reaction Rate for any Photochemical Reaction;

* Flux Rate for any Species on any Surface Element.

The sampling for all but the last of these quantities occurs in the collision simulation routines. As
pairs are comidered as possible collision partners, statistics are kept to generate the first three
quantities. Statistics on collisions and reactions are kept as they occur, and the last quantity is
duesbmd In the molectle advancement routines.
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11. INNER SOLUTION REGION PROCEDURES

11.1 Motivation For The Inner Solution

The separation into an inner and outer solution is necessitated by the physical and
computational realities of the interaction between contaminant molecules and the surrounding
atmosphere. The problem is created by the combination of the following two points: 1) In order
to describe the scattering of contaminant molecules, the solution region must extend several mean
free paths from the source of the contamination, which typically means tens of kilometers; and 2)
At the same time, in order to describe the detailed interaction between the flow field and the
specific geometry of the vehicle in question, cells must be smaller than characteristic length scales
of the vehicle. Combining these two requirements in a three dimensional flow situation means that
many more cells and simulated molecules are required than is computationally feasible. However,
the two requirements naturally lend themselves to two distinct solutions, which are referred to as
the "inner" and "outer" solutions. The outer solution determines the scattering of the contaminants
by the atmosphere and doesn't require solution cells which are small compared to the vehicle, since
the characteristic length scale for this scattering is much larger than the vehicle. Hence, the outer
or scattering solution can be carried out first, with all contaminant sources assumed to be merely at
the origin. The outer solution then determines the rate at which both scattered and atmospheric
molecules will be approaching the vicinity of the vehicle, and this (rather than the undistuzbe-i free
stream) can then be used as a boundary condition for the inner solution, allowing its outer
boundaries to extend to just beyond the vehicle.

11.2 General Considerations

The boundary conditions for solutions via the Direct Simulation Monte Carlo method
Involve Introducing molecules at the boundaries which have statistically correct fluxes, velocity
distributions, and internal energies. Only the inwardly directed portion of the velocity distribution
function Is relevant; the outward portion follows naturally from the solution.

For a general nonequtllbrlum flow, it can be a formidable task to determine the complete
inward velocity distribution at the boundaries so that molecules may be Introduced properly.
Generally, therefore, the boundaries are merely placed far enough away from the Interaction region
so that the flow may be assumed to be In equilibrium at the boundaries. Since an equilibrium flow
has a velocity distribution which Is characterized by the well known Maxwell-Boltzmann function,
it Is then straightforward to determine a statistically correct procedure tbr molecule introduction.

* Such a procedure Is clearly not adequate for the Inner solution described above. The
ambient flow is likely to be disturbed near the vehicle where the inner solution boundary Is to be
placed, and the flux of scattered contaminants back into the solution region would be completely
lost If the normal boundary condition were used. The procedure that Is used, therefore, Is to gather
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relevant statistics in the outer solution, and devise a boundary condition fur the inner solution
which is consistent with these statistics.

11.3 Velocity Variations

11.3.1 Assumed Form of the Velocity Distribution Function

The procedure that is being adopted is to use a generalized form of the equilibrium
distribution function. The generalizations that are applied are as follows: 1) Each species is
allowed to have its own mean flow velocity. (In equilibrium, all species would have the same
mean velocity.) 2) Each species is allowed to have its own translational temperature, and this
temperature is allowed to be distinct for the three coordinate directions, (In equilibrium, all
species would have the same temperature, and it would not vary with coordinate direction.) 3)
Each species is allowed its own internal mode temperature. (In equilibrium, this temperature
would be the same for all species, equal to the common translational temperature.) Quantitatively,
it is assumed that for the ith species, the velocity distribution in the jth direction follows the
functional form:

fou(u) = (c%/-)expl-x2(u4i-uU)2l (127)

where

aCI V'mj1(2R0T) . (128)

In these relations, mi Is the molecular weight of the ith species in atomic mass units, Ro Is the
universal gas constant, and TO and W'7 represent the translational temperature and mean velocity,
respectively, of the Ith species In the jth direction. By definition of fU, the probability of a
molecule of species I having a velocity component In the jth direction between uo and uo+Auu is
fl(u)uo. Under this assumption, therefore, the equilibrium boundary condition can be applied
for each species (including those not present In the free stream) by determining the parameters u
and To, as well as the effective density of the species, ni.

11.3.2 Available Statistics From the Outer Solution

The outer solution will have the location of the outer boundary of the inner solution
specified. This boundary will be subdivided into rectangular elements which may (but need not
necessarily) be particular cell boundaries for the outer solution. For each rectangular element,
whenever a molecule crosses that boundary In the outer solution, moving into the Inner solution
region, statistics can be kept. In addition to just counting the molecules of each species, It Is also
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possible to keep velocity and spatial moments of the flux of each species. This section will
demonstrate how velocity moments can be used to determine the parameters 1'ij and T, as well as
the effective number density ni, appropriate to a particular rectangular element. Subsection 11.4
will deal with spatial variations along the rectangular element.

Let T be the inward normal at the surface element and T2 and T3 represent two other unit
vectors such that TI, T2 and T3 form an orthonormal triple of unit vectors. Depending on the
orientation of the rectangular element, each of these unit vectors will be either aligned or
anti-aligned with one of the three basic solution unit vectors: T x, i y and TZ.Keeping statistics in
the T2 and 13 directions is straightforward, following the procedures described in the previous
section. The more difficult task is to determine the effective equilibrium gas quantities for the
direction aligned with the normal of the surface element, 1 I. As molecules cross the boundary
segment, the following statistics (among others) can be kept for each species:

a) 4j; The flux of species i in molecules/(cm 2s).

b) < uI1 > ; The mean value of the 1st velocity component.

C) < u~i >; The mean square value of the 1st velocity component.

Note that the sampling is applied only for molecules which cross the boundary with a positive
velocity component in the T, direction, so that all molecules included in these statistics will by
definition have a positive value of utj. Since only molecules with a positive uji component are
included in the statistics, and since the molecules with large uji components will tend to flux across
the boundary faster and be counted with a larger weight, it is not the case that < uu > is equal to

11.3.3 Representation of Available Statistics

For a Maxwellian velocity distribution (Equation (127)), It Is possible to directly compute
the expected values of the available statistics. The results are:

l, utfjj(u)dujj (129)

nU1>ur (130)
0
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and

,I> - ufi (ujj)dujj (131)
i ii(1)
0

Substituting the expression for fil given in Equation (127), and performing a little algebra, these
expressiorns can be written:

nil(-w)
ci =  , (132)

<u>= (w) (133)

and

<41>= 3(-w)
(134)

where the speed ratio, w, Is given by

w allu. (135)

and the Integrals !k are defined by

Ik(b) -b~epId (136)
b

The frat fw Ik are directly evaluated to give:

I(b) -bexp(-b2) - bV" erfc(b)l , (137)

,(b) =- l-2b exp(.b2) + (I + 2b2)V7'" erfc(b) (138)
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and

13(b) = [12(1 + b2) exp(-b2) - b(2b 2+3)v'7. erfc(b)] (139)

11.3.4 Inversion to Determine Equilibrium Parameters

Combining Equations (133) and (134), it is possible to get a relation that involves only the
sampled variables and the speed ratio, viz:

r u <U21(Ul>
2 = l(W)13(-W)

S/(< 2(w)]2  (140)

Since r, the ratio of the mean square velocity to the square of the mean velocity for molecules
fluxing across the rectangular segment, is a function only of w, it is a useful place to start the
inversion. As can be seen from Figure 4, r is monotonically decreasing with increasing w, going
from an asymptote of 1.5 for w -+ -cc to an asymptote of 1.0 for w -* + c. Since the function is
monotonic, it can be inverted unambiguously as long as r falls within the Interval (1.0 < r < 1.5).
Although the functional form of r(w) Is somewhat complex, making an analytic Inversion
Impossible, a Newton-Raphson Iteration starting at the center of the curve converges rapidly. Since
this calculation Is only done once for each segment to determine the boundary condition
parameters, the time required fot this inversion is negligible.

Once w Is determined, then Equation (133) can be used to determine the corresponding
value of oil, which defines Til via Equation (128). w and ail determine "il via Equation (135),
and Equation (132) then determines ni.

11.3.5 Possible Errors

In some cases, the procedure described above will not work directly, since the sampled
value of r may exceed 1.5. This can be demonstrated by considering the simple case of two
molecules, with velocities ul and u2. The value of r sampled in this case approaches 2.0 as either
molecule's velocity becomes much larger than the other. Hence, It is distinctly possible that values
of r In excess of 1.5 will be encountered, either through statistical error or the failure of the
assumption of an equilibrium type velocity distribution. (It is mathematically Impossible to get a
value of r less than 1.0, though numerical error might conceivable cause it in extreme cases.)

To handle these cases, as well as deal with some numerical problems that occur for large
negative w, the inversion described in the previous section Is performed only if the resulting value
of w is within the range (-5 < w < +5). If r is such that w would fall outside of that range, w is
set equal to ±5 (depending on whether r is too large or too small), and the inversion procedure
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described above is then otherwise followed. The effect of this is that the derived boundary
condition will match the statistically observed flux and mean velocity, but will no longer match the
mean square velocity.

11.4 Spatial Variations

The rectangular element described in Subsection 11.3.2 will typically be a cell boundary in
the outer solution. When the boundary condition is applied in the inner solution, it may comprise
the boundary of several cells, since the inner solution will by definition have a finer cell mesh than
the outer solution. It would be possible, of course, to merely apply the same boundary condition to
each of the corresponding inner solution region cells, but with a little additional work it is possible
to include some realistic spatial variation in the rectangular region, which may be used to provide
adjacent inner region cells with slightly different boundary conditions. The procedure to do this is
described in this section. This procedure allows for a spatial variation in flux (and therefore
effective number density) along the rectangular region, but the velocity distribution is assumed to
be spatially constant.

11.4.1 Reduction to Scaled Variables

Let the rectangle of interest be represented by the general variables X and ', such that
(it < 9 < R2) and ('1 < Y < Y.,). Then it is convenient to introduce the scaled variables, X
and Y, such that

X u -1 + 2 (141)

and

Y a-1 +2 T  (142)

The scaled variables have the advantage that they each traverse the range of -I to + I.

- 11.4.2 Sptial Moments

As molecule: traverse the retangular region In question, it is possible to calculate the X and
*Y values at which a given molecule crosses It. Sums of these values can also be kept, so that a

statistical determination can be made of the average X value, < X >, the average Y value, < Y >,
and the average product of the two, < XY >. At the same time, of course, the average flux across
the rectangle will also be determined.
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11.4.3 Analytic Representation of Sampled Moments

Let j(XY) be flux distribution in the rectangular region (molecules per unit area per unit
time). The number of molecules crossing the rectangle per unit time, N , is therefore given by:

Ii!

-- i ij(X,Y)dXdY (143)
-1 -1

The average sampled values given in the previous section can therefore be represented via

I I

<X> = j(X,Y) XdXdY ,(144)

<Y>= J(XY)YdXdY (145)

and

< XY> j(XY) XYdXdY (146)

11.4.4 Assumed Form for the Flux Distribution

It is assumed that the flux distribution can be adequately represented by a linear distribution,
viz,

J(XY) 1 4(a0 + IlX + alY + a3XY) (147)

When this form Is substituted Into the integlals defined In Equations (143) - (146). there results:

so= (148)
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3<X>ag - 4 '(149)

4
82 =  4 (150)

and

a3 - 4 (151)

Hence, under the assumption of a linear flux distribution, the spatial moments lead immediately to
the corresponding linear coefficients.

11.4.5 Possible Problems

Sinc4 the flux that is discussed above is the one-way flux (i.e., only counting molecules
traveling in one direction across the rectangular segment), It is by definition a quantity which can
never be negative. However, again due to either statistical error or the invalidity of the assumed
functional form, it is conceivable that the distribution derived above could become negative at some
subregion of the rectangle. If this does occur, corrections must be made to the coefficients.

In order to search for a negative subregion, it suffices to investigate the corner values, since
the maximum and minimum must occur on the corners for a linear fit. The corner values are given
directly by

Jl mj(,l,-l) ( -a, + a3) , (152)

Jt2 "j(-I 1) WAG (- a, + a2 -a ) ,(153)

j21 j(L 1,-1) - N(a0 + a - a- a3) (154)

* and

Jm(" + 1) i l(ao + I + + J) (155)

If a negative value is found, then use can be made of die Inverse r daiolo'.,;: 0kh v iht * ;I
.unclon of the corner vAluts. i.e., - --- .
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ao =-L (+JI I + J12 + J21 + j22) (156)

4N

al = 4L(-jII -12 + j21 + j=) (157)
4N

82 = 14(-Jll + J12 -J2 + J2) (158)

4N

and
a3 fi "4I+J! "J2 "21 + J )(159)

4N

If one of the corner values is negative, then it can be artificially increased to zero, while one third
the amount added to the negative corner is subtracted from each of the other corner values. This
procedure keeps a0, and therefore the integrated total tlux, constant. Once the corner values have
been adjusted so that none are negative, Equations (156) - (159) give the corresponding linear
coeffient.6



12. COMPARISON OF SHUTTLE ENGINE FIRINGS IN SPACE TO CODE
PREDICTIONS

12.1 Introduction

This section describes a model/data comparison for some visible data taken by the Air Force
Maui Optical Station (AMOS) of 870 lb. shuttle RCS firings at altitudes around 320 kin. The data
are unique in that they were obtained for three angles of attack: 0', 90 ', and 180'. The sequence of
events was to fire in one directioai for three seconds and then shut down for five seconds before
firing another engine in another direction. The data which are being utilized in this paper involve
total visible plume intensity as measured by an S-20 photocathode, and its spectral dependence as
measured by a spectrograph. In particular, we are concentrating on a peak in the spectrum at 6300
A which is being attributed to the forbidden transition between the O(ID) excited electronic state
and the O(QP) ground state. This emission is intriguing because the long (- 194 seconds 9)
radiative lifetime of the excited state would normally be associated with a very weak, spatially
diffuse signature. However, the quenching of the O(LD) state is sufficiently rapid at this altitude
that the net lifetime of the excited state is more in the vicinity of one second, providing a much less
diffuse signature than would exist in the absence of quenching. Furthermore, the abundance of
atomic oxygen is sufficient to produce i measurable signature even at this reduced lifetime.

The existence of a single set of well characterized unsteady data as a function of angle of
attack provides an excellent opportunity to do model comparisons with the hope of discerning the
underlying mechanism(s). Two mechanisms were hypothesized as potentially being responsible for
this emission: the charge exchange reaction between atmospheric 0+ ions and H,O from the
exhaust, and the direct collisional excitation of the O('D) state. These data provide a stressing
validation case for the SOCRATES code, as well as an opportunity to learn about a new visible
plume emission source.

12.2 Experiment

The experiment consisted of firing specific 870 lb. PRCS liquid-fuel (monomethyl
hydrazine-N204) engines while the shuttle orbiter passed over AMOS atop Mt. Haleakala, Maui,
HI (21 ON, 204'E, 3000 m altitude). The engines were fired for angles of attack of 180, 900, and 0*
with respect to the ambient, which will be referred to as ram, perpendicular, and wake burns,
respectively. The shuttle was in total darkness (the solar and lunar depression angles at the shuttle
were 300 and 590 respectively). Imagery data were obtained using 8" and 22" acquisition
telescopes. Visible spectral data were obtained using a spectrograph with its own foreoptics
mounted on the main telescope. The spectral, spatial, and temporal properties of the emissions
were measured as a function of angle of attack of the exhaust products by the atmosphere, The
total plume intensity for an S-20 photocathode was estimated u.ing the 6* GEODSS telescope which
had a fixed field of view, This field of view was sufficient to encompass the entire plume, and its
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fixed nature enabled known stars to be used for calibration. The experiment is described in more
detail in Reference 10.

12.3 Data Reduction

On the basis of comparing against a known star in the GEODSS field of view, the peak total
plume emission for an S-20 photocathode was estimated to be 150, 80, and 12 W/sr for the ram,
perpendicular, and wake burns, respectively. An average spectrum shows a substantial NH peak
around 3360 A, a peak around 6800 A due to second order diffraction of the NH(A-.X) fundamental,
as well as several other peaks. For the present purposes, the quantity of interest is the total
emission from the 6300 A atomic oxygen line. To estimate this, the spectrum was multiplied by an
S-20 response curve and integrated over the spectral range. Tho ratio of the integral between 6100
and 6500 A to the total integral was estimated to be the fraction of the total S-20 response which was
due to the 6300 A transition. For the present case this ratio came out to be 12%. It should be noted
that a more proper approach would be to do the same averaging for spectra resulting from burns in
the three directions, since the varying available kinetic energy may shift the relative magnitudes of
the emission peaks as a function of angle of attack.

The atomic oxygen Green line (O('S)-.O('D)) at 5577 A Is not observed in any of the burns.
Based on the increased activation energy required for excitation of the O(IS) state this seems
reasonable. The O(IS) lies at 4.2 eV above the O('P) ground state as compared to 2.0 eV for the
O(D) state. For the 0 and 90 degree burns the maximum available collisional energy is not
sufficient to reach the O(IS) level. At 180 degrees there is enough collisional energy to excite the
Green line emission, but It Is still expected to be less than the Red line signal. The issue of the
relative Green line intensity for the reiro-fire case is planned for a future investigation.

12.4 Modeling Approach

The atmospheric and exhaust mole fra;tions of the species considered in the calculations are
givan in Table 2. The modeling efforts focused on simulating the overall character of the plumes
In the three orientations, and in trying to understand the 6300 A data feature, which is being
;:rihuted to the forbidden transition between the O(D) excited state and the O(3P) ground state.

Since the O(D) state has a long radiative lifetime, it was expected that quenching would be an
essential element of the calculations. The following rate constants (in ci 3/s) from the literature
were used:

O(ID) + N, - 0 + Naz k"I  2.3x10 " 'l  (160)

O(D) + O-O +O k 2 =8.8xI0 "12  (161)

O(D) + HO - OH k 3 = 2.2x10 " °  (162)
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Table 2. Concentrations of Species Carried in the Model Calculations.

Atmospheric Exhaust
Species Mole Fraction Mole Fraction
O 0.9076 0.0

N2  0.0919 0.309

H2  0.0 0.187

H20 0.0 0.332

CO 0.0 0.136

CO2  0.0 0.036

0+  0.0005 0.0

Published rate constants or cross sections for the collisional excitation of the OCD) state could not
be found, so microscopic reversibility was invoked to estimate the following excitation rate
constants:

0 + N2 -aOD) + N2  k - 1.28x10"l1 exp(-.) (163)

0 + 0- O('D) + 0 k = 4.9xl0"12exp(- 2 2  ) (164)

Reaction (163) was also assumed to apply for the other major plume constituent. HO. The charge

exchaage mechanism for producing O(ID) was represented by

0+ + H20 O(ID) + H20 +  k k 3.23x10"i T-°'34exp(- 11600 (165)

The rate constant for Reaction (165) was taken from measured values14 with the activation energy
adjusted to reflect the additional energy required to create the O(ID) rather than the OP)
product.

12.5 Results And Conclusions

Grayscale plots are given In Figures 5-7 showing the calculated evolution of the 6300 A ram
, plume radiance as a function of dine. There is a substantial qualitative resemblance to the data In

these plots, though a quantitative comparison of these Images Is difficult. Recall that the engine
shuts off at 3.0 seconds, so the spreading and reducing of the signature at 4.0 seconds In Figure 7

* is to be expected. The total calculated 6300 A radiant intensity as a function of time is given in
Figure 8 for the three angles of attack. If the peak values from this figure are compared to the
deduced data values, then the result Is the comparison shown in Figure 9. The agreement In Figure
9 is probably fortuitously good, since It is doubtful that even the input quantities were known that
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accurately. Nevertheless, the agreement is impressive and strongly supportive of the hypothesized
mechanisms.

Given confidence in the basic description, it is then possible to use the model to get more
quantitative and qualitative understanding of the underlying physics. The major difference to be
expected in the excitation mechanisms is the activation erergy required; the charge exchange
mechanism requires a lower activation energy and, therefore, would be expected to be relatively
more important for lower angles of attack. This is illustrated in Figures 10-12, where the
integrated excitation rate of the O('D) state is shown as a function of time for 1800, 900 and 00 angles
of attack respectively. The separate contributions are shown for the two mechanisms in the figures,
and It can be seen that the charge exchange mechanism is calculated to contribute 3.2% as much as
the collisional excitation mechanism at 1800, 3.9% at 90', and 12.7% at 0° . (These comparisons are
made at the end of the burn.) Hence, the general trend of increasing importance of charge
exchange with decreasing angle of attack is confirmed, though it should be noted that the charge
exchange rate is never calculated to be a large fraction of the total signature, so it can not be
confidently deduced that that portion of the calculation is being carried out properly.

Given the lower activation energy requirement of the charge exchange mechanism, it might
also be supposed that it would gain in importance for the shutdown transient as the flow energy
decreases. As can be seen in particular for 00 in Figure 12, the exact opposite Is true - the relative
importance of the charge exchange mechanism drops by over four orders of magnitude after
shutdown. The reason for this precipitous drop is shown in Figure 13, which shows the total
number of water molecules In the solution region as a function of time. The number of water
molecules understandably drops by several orders of magnitude since the wind and the exhaust
direction are coaligned. Within a second it Is to be expected that the vast majority of the water
molecules, initially traveling at 3.5 kmis and generally accelerated by the free str.'am, will tend to
leave the solution region which only extends four kilometers downstream of the exit.

The question remains, however, as to the origin of the collisional excitation after the plume
has largely departed the solution region. The explanation for this is given in Figure 14, which
shows the contributions of the various types of collisions to the total collisional excitation rate,
While the thruster Is on, most of the excitation comes from O-N, collisions. This is to be
expected, since the rate constant for Reaction (1) is quite high, and N Is a major plume species
with a fairly large molecular weight (and therefore relative collision energy). However, after
shutdown the curves cross, and 0-0 collisions become the dominant source of excitations. The
O-H20 collisions do drop in importance as the plume leaves the solution region, but the O-N2
collisions do not drop nearly as much. This is because N, is also present in the atmosphere, so it is
not leaving the solution region in the same way that the H20 is. The conclusion is that the
shutdown transient is dominated by continued collisions within the atmosphere that remains
disturbed for a while after the engine shuts down. It is a fundamental difference attributable to
looking at radiation from an atmospheric rather than a plume species, and it would have been
difficult to guess this effect without a comprehensive model calculation. The same switch of
important collision class can be seen in Figure 15 for the 1800 case. but the magnitude of the effect
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is not as important here. The reason is that for a retrofire case the plume molecules remain in the
solution region longer since they are initially heading into the free stream and then get turned
around and travel backwards relative to their initial motion. The increased residence time of plume
species within the solution region allows atmosphere-plume collisions to retain their importance for
a longer period of time after shutdown.

The question of excited state lifetime is addressed in Figure 16. This figure shows the
overall contributions of collisional quenching and radiative decay to the disappearance of the
OQD) state as a function of time for the 1800 case. While the engine is in operation, an O(D)
atom is about ten times as likely to suffer collisional quenching as to experience radiative decay.
Hence, the effective excited state lifetime is about twenty seconds while the engine is operating, on
the average. If just the brightest portion of the plume is inspected (where the collision and
quenching rates are particularly high) the deduced species lifetime is more like 1-2 seconds. The
conclusion Is that the actual species lifetime will depend greatly on where in the plume the species
Is produced. After shutdown, the two overall depletion mechanisms become comparable, and the
O(ID) Is predicted to have a lifetime on the order of 100 seconds. Again, this number would be
expected to vary depending on how collisional the region in which it is formed is.
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13. SUMMARY

The present version of the SOCRATES code should be regarded as the latest step in ail
ongoing development project. Particular emphasis has been paid to making it easy for a non-expert
to use, while sacrificing neither rigor nor flexibility. Future versions are expected to allow for a
gas dynamic interaction with the solid bodies as well multiple source types. Even without these
features, the present model is a powerful tool which can be used for data analysis and first
principles predictions.

The sample calculations present some important insight into visible emission from plumes in
the 6300 A region. They indicate that collisional excitation of the electronic state is the dominant
mechanism explaining the observed emission. This emission is particularly significant since it
arises from the atmosphere itself, so it is therefore largely independent of fuel type.
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